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Abstract 

We calculate the interaction 3- vertex of two massless spin 3 particles with a graviton 
using vertex operators for spin 3 fields in open string theory, constructed in our previous 

in ■ 

O ' work. The massless spin 3 fields are shown to interact with the graviton through the 

O ! 

linearized Weyl tensor, reproducing the result by Boulanger, Leclercq and Sundell. This 

is consistent with the general structure of the non-Abelian 2 — s — s couplings, implying 

r> I that the minimal number of space-time derivatives in the interaction vertices of two spin 

^ s and one spin 2 particle is equal to 2s — 2. 
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1. Introduction 

Higher spin field theory is a fascinating subject that has attracted a lot of attention in 
recent years. Consistent description of theories with interacting higher spins is well-known 
to be a difficult problem, in particular because such theories need to involve powerful 
gauge symmetries, sufficient to remove the negative norm states. As a result, introducing 
higher spin interactions in a consistent way is a complicated issue with many challenging 
obstacles, despite certain progress in this direction over recent years [|l|], [H, 0, [^, 0, 
i, i, i, i, H, [0, [0, 0, 0, H, [0, H, string theory, on the other 



hand, appears to be a particularly efficient tool to describe interacting higher spins as many 
complex issues in higher spin field theories are settled very naturally in the string-theoretic 
approach. In particular, in our recent work |T^] we have been able to construct the 
emission vertices for the massless higher spin fields with the integer spin values 3 < s < 9. 
It has been shown that BRST-invariance conditions for these operators lead to standard 
Fierz-Pauli constraints on the space-time fields in the Fronsdal's approach [^; BRST- 
nontriviality conditions, in turn, entail the gauge transformations for the space-time fields. 
The interaction terms of the higher spin fields could then be obtained from the scattering 
amplitudes on the string theory side; since the gauge transformations of the space-time 
fields shift the vertex operators by a trivial part (not contribuding to correlation functions) , 
the interaction terms, obtained this way, will be gauge-invariant by construction. 

In this work we concentrate on analyzing the important case of the spin 3 field's 
gravitational interaction, using the vertex operators constructed in our previous work. 
Since s = 3 vertices are the open string operators, the spin 3 - graviton coupling is described 
by the appropriate disc amplitude in string theory, with two s = 3 operators being on the 
boundary and the graviton in the bulk of the disc. 

The amplitude, considered in this paper, is shown to reproduce some important prop- 
erties of interacting higher spins, known from the field-theoretic approach [0, |2^, ||23 

n, an 



In particular, while the gravitational couplings of lower spin fields contain at most 
two space-time derivatives in the Lagrangian, the gravitational couplings of the higher 
spin fields are known to have a very different behaviour [^ , |]2^ , [^^ , [^ . For example, 
there exists a unique nonabelian interaction 3- vertex of a graviton with 2 particles of spin 
s containing 2s — 2 space-time derivatives, related to the fiat limit of the Fradkin-Vasiliev 
vertex in AdS. In a particularly important s = 3 case the relation to the Fradkin-Vasiliev 
vertex can be established explicitly [^ , [^ and the interaction of two s = 3 particles with 
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a graviton can be expressed in terms of linearized Weyl tensor [21], [22|. The purpose 
of this paper is to obtain this interaction from the string theory side, using the vertex 
operators constructed in our previous work. Computing the disc amphtude of two s = 3 
vertex operator with a graviton, we recover the structure of the gravitational coupling of 



massless spin 3 particles established in [^,[^2[, including the appearance of the Weyl 
tensor. The answer for the cubic interaction vertex that follows from the string theory 



computation, agrees with the result of [|21|, [^2|], modulo overall normalization coefficient 
and partial gauge fixing. The rest of the paper is organized as follows. In the Section 2 
we recall the basic properties of the higher spin vertex operators, including the homotopy 
transformations needed to construct these operators at positive ghost pictures. In section 
3 we perform the computation of the disc amplitude, showing the resulting interaction to 
agree with the coupling structure given in |2^, [^. In the concluding section we briefiy 
discuss implications of our results, outlining future calculations. 

Computation of Spin 3 - Graviton Amplitude 
The vertex operator for a massless symmetric spin 3 particle is given by |T^ : 



V,=s{p) = i/a,a,a3b)ce-3'^aX«iaX«^^«3e^^^^ 



(1) 



in the unintegrated b — c picture and at the minimal negative /3 — 7 picture —3. Here 
H a-i_a2a3{jp) IS Symmetric tensor satisfying the on-shell conditions 



p'^Ha.a^adP) =0 



(2) 



as a consequence of the BRST-invariance constraints on the operator (1), while the gauge 
transformations 



-'^aia2a3[P) ^ -'^aia2a3 iPj + t7(ai-'*-a2a3) 



(3) 



with traceless symmetric A parameter shift the vertex operator (1) by a trivial part, not 
contributing to correlators. 

To compute a three-point amplitude of two spin 3 particles with a graviton one also 
needs the positive /3 — 7 picture +1 versions of 14=3 in order to satisfy the ghost number 
anomaly cancellations. These operators exist at integrated b — c- picture only and can be 
obtained by replacing —30 -^ (p with the subsequent homotopy transformation described 



in 1 19], in order to ensure its BRST-invariance. As it has been shown ]19], given the 



higher spin field described by ghost-dependent vertex operator at minimal negative super- 
conformal ghost picture —n — 2 ( n > 1), 



V-n-2 = ce-("+2)^F^^^^^(X,^) 



(4) 



where (suppressing the space-time indices) i^„2 (X, ip) the is matter primary field of 

2 

conformal dimension ^+n+l. To construct the positive picture version of vertex operator 
describing such a state, one starts with constructing the charge 



jVr, = jdze'^^F^^^^^{X,ilj) 



The BRST operator is given by 



(5) 



Qhrst — Ql -\- Q2 + Qz 



(6) 



where 



Qi= i^{cT-bcdc} 
J 2in 

4 / ZtTT 



(7) 



where T is the full stress-energy tensor. The operator (1) commutes with Qi since it 
is a worldsheet integral of dimension 1 and 6 — c ghost number zero but doesn't commute 
with Q2 and Q3. To make it BRST-invariant, one has to add the correction terms by using 



the following procedure p^, [0. We write 



[Qbrst, Vniz)] = dU{z) + Wl{z) + W2{Z) 



(8) 



and therefore 



where 



[Qbrst, f dzV^] = j dz{W^{z) + W2{Z)) 
U{z)=cVr.{z) 

W^2 = [Q3,K] 



(9) 



(10) 



Introduce the dimension ii'-operator: 

K{z) = -4ce2^-2'^(z) = er-'(^) (11) 

satisfying 

{Qbrst,K} = l (12) 

It is easy to check that this operator has a non-singular operator product with Wi: 

Kizi)Wi{z2) ~ (zi - Z2)'^Y{Z2) + Oiizi - ^2)'"+') (13) 

where Y is some operator of dimension 2n+l. Then the complete BRST-invariant operator 
can be obtained from ^ dzVn{z) by the following transformation: 



dzVM^A^iw) = (P dzV^{z) + -^ / dz{z - «;)2- : Kd'''^{W^ + W2) : {z) 



+ 



i-y j dzdl^+\{z - wf^K{z)]K{Q^,rsU U] 



where w is some arbitrary point on the worldsheet. It is then straightforward to check the 
invariance of A^ by using some partial integration along with the relation (12) as well as 
the obvious identity 

{QbrsU Wi{z) + W2{Z)} = -d{{Q,rsU U {z)}) (15) 

Although the invariant operators An{w) depend on an arbitrary point w on the worldsheet, 
this dependence is irrelevant in the correlators since all the w derivatives of A^ are BRST 
exact - the triviality of the derivatives ensures that there will be no w-dependence in 
any correlation functions involving A^. Equivalently, the positive picture representations 
An (14) for higher spin operators can also be obtained from minimal negative picture 
representations V-n-2 by straightforward, but technically more cumbersome procedure by 
using the combination of the picture-changing and the Z-transformation (the analogue of 
the picture-changing for the b — c-ghosts). 

Namely, the Z-operator, transforming the b — c pictures (in particular, mapping inte- 
grated vertices to unintegrated) given by pl| 



Z{w) = bS{T){w)= ([ dz{z - wf{bT + 4cd^^e-^'^T^){z) (16) 



where T is the full stress-energy tensor in RNS theory. The usual picture-changing opera- 
tor, transforming the /? — 7 ghost pictures, is given by T{w) =: 5{(5)G : (w) =: e'^G : {w). 
Introduce the integrated picture-changing operators Rniw) according to 

Rn{w) = Z{w) : r" : {w) (17) 

where : F"^ : is the nth power of the standard picture-changing operator: 



: r" : H =: e''^d''-^G...dGG : {w) 
=: d''-^6{i3)...d6{(3)6{^) : 



(18) 



Then the positive picture representations for the higher spin operators A^ can be obtained 
from the negative ones V-n-2 (1) by the transformation: 

A^{w) = {R2r+\w)V-r^-2{w) (19) 

Since both Z and F are BRST-invariant and nontrivial, the yln-operators by construc- 
tion satisfy the BRST-invariance and non-triviality conditions identical to those satisfied 
by their negative picture counterparts V-2n-2 and therefore lead to the same Pauli-Fierz 
on-shell conditions and the gauge symmetries for the higher spin fields. Applying the above 
procedure to the s = 3 vertex operator (1) (corresponding to the n = 2 case) we obtain 
the following expression for the positive +1 picture operators for s = 3 massless particles. 



As=3{w) = j dz{z - w)^U{z)=Ao + ^1 + ^2 + ^3 + ^4 + ^5 + ^6 + ^7 + ^8 (20) 



where 



and 



Aoiw) = ^Ha.a.asip) f dz{z-wfP^ll^^_^e'fdX'^-dX'^-r'e'^^'^{z) (21) 

Asiw) = -l2Ha,a^aM j dz{z - wf dccO^^e-^dX"' dX^^ij^^'je^P^ (z) (22) 



(23) 



have ghost factors proportional to e'^ and dccd^^e ^ respectively and the rest of the terms 
carry ghost factor proportional to c^: 

Ai{w) = -2Ha,a2asip) i dz{z - wf c^{i^dX)dX''^ dX^'^iP''^ e'^^ {z) 

A2{w) = -Ha,a,aM j dz{z - wf cidX'^' dX''^ dX'^'^ p'^^l^e'^'^ {z) 

A^{w) = -Ha,a,aM j dz{z-wfc^dX'''dX''^d''X''-'e'^'^{z) 

A^{w) = 2Ha,a,aM j dz{z - wfcidr'P^^l^W'e'^'^iz) 

M{w) = -2Ha,a,aM j dz{z - wfc^dX^'^OX'^^d^X'''' + dX'^' pfl^)e'^'^ {z) 

A^{w) = 2iHa,a,aAp) f dz{z - wf camP^^l^dX'^- dX^^r' e''^^ {z) 

Aj{w) =2iHa,a^aM j dz{z - wf c^{pd^)dX''^ OX^^il)"^ c'^^ {z) 

3. Calculation of the Disc Amplitude 

To evaluate the three-point amplitude of two s = 3 particles with a graviton on the 
disc, it is convenient to take both of the s = 3 vertices at positive -|-l-picture (integrated 
over the disc boundary), while taking the graviton at the disc origin unintegrated and at 
the left and right /3 — 7 ghost pictures —1 and —2 respectively: 

Vs=2 = 7m,n.,(p)cce-<^-2<^^"^^aX"^H0,0) (24) 

Furthermore, it shall be convenient to make conformal mapping from the disc to the upper 
half-plane {z,z) — )■ {w,w) using w = —i^r^ so the the graviton's location is mapped to 
w = i. As the ghost number anomaly cancellation requires that the the total 0-ghost 
number of correlation functions has to be equal to —2, x-ghost number equal to 1 and the 
cr-ghost number equal to 3, the three-point correlator < As=3{wi)As=3{w2)As=2{i) > is 
contributed by the terms 

7 
< As=3{wi)As=3{w2)As=2{i) >= 5^ < Aj{wi)Ao{w2)As=2{i) > (25) 

of (21), (23), (24). So we shall calculate these terms one by one, using (23). The cubic 
interaction vertex is determined by the structure constants given by the on-shell limit of 
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(25), implying (piPj) = In this paper , we are interested in the contributions to the 
correlator (25) up to the terms quartic in momentum. More precisely, our main result is 
that all the terms that are zero or quadratic in momentum vanish (as it is immediately 
clear from the structure of the operators (21), (23), (24) that there are no terms linear 
or cubic in p) and the lowest order terms are thus quartic in momentum (and hence in 
space-time derivatives). As for the quartic order terms, we shall show that they combine 
into the cubic interaction vertex manifestly dependent on the linearized Weyl tensor, in 
agreement with the results of |]2T[] , |]2^ . 

To start with, it is convenient to point out the ghost factor, common for all the terms 
in (25). It is given by: 

_ [Z - Zi){z - Z2){Z - Zi){z - Z2Y 

{z-z) 
2 1 1 1 3 

{Zi-Z2y {Z-Z2y {Z-Z2){Z-Z2) {z - Z2){zi - Z2) {Zl - Z2){z - Z2) 

(26) 
Since the correlation functions of the spin 3 operators A{w) ~ J dz{z — w)'^U{z) do not 
depend on w,it is convenient to choose wi^2 = =t^ for the first and for the second s — 
3 operators. We start from the contributions to (25), quartic in the momentum. The 
calculation of the first contribution, using the expressions (23), (24) gives 

< Ai{i)Ao{-i)Vs=2{z, -Z) >4= Ha^a2a3{Pl)Hb^b2b3{P2hmim2{P3) 

/OO (>00 

dzi / dz2{zi-i)'^{z2 + ifGgh{zi,Z2,i,-i) 
-CX3 J —OO 

rf^a4b2 ( _r^a4b3 ^a3m2 i ^a363„a4m2^ 
[Zl - Z2Y{Zi ~ Z){Z2 - Z) 

x(t :- - -. ;:) (t :- + z ;;)(- 



Zl — Z2 Zl — Z Zl — Z2 Z2 — Z Zl — Z Z2 — z 
^a^mit „a4&3„a3m2 i ^0363 „a4m2 "i 1111 

- ^ / ^J — I; \ \ tpTp\^p\\^ —n^ + -^—r 

[Zi - z)^{Zi - Z){Z2- Z) Z1-Z2 Zl - Z Zl - Z2 Z2 - Z 

- ^ / V,J — -!; \ \ i^pTpTp\'{^ —n^ + -^—)} 

[Z2- zY{Zi- Z)[Z2- Z) Z1-Z2 Zl - Z Z1-Z2 Z2-Z 

(27) 
Here and everywhere below 2;, z = ±z. The next contribution to the amplitude part, quartic 



in momentuni, is given by 

< A2{i)Ao{-i)Vs=2{z,z) >4= Haia2a3{Pl)Hb^b2b3{P2hmim2{P3 

poo /"CXD 19 1 

X / dzi dz2{zi-i)'^{z2 + i)'^Ggh{zi,Z2,i,-i){ \ - + 



Zi — Z2 Z\ — Z Z\ — Z 

ff,hzm2j^azh2 1 1 

(^1 -Z2)"'(2-22) 2^1 -2^2 Zx-Z 

,1 1^1 1 ^ (28) 

Z\- Z2 Z2 - Z Z\- Z Z2- Z 

j3-ira2 ^a-ivax , , 1 1 1 1 

+T^^-^, — .vi^vi^vX'vW^ —)\^— + -^—r 

[Zi - Zj-'lZ - Z2) Z\-Z2 Z\-Z Z\-Z2 Z2-Z 

rJizm^j^^mx 1111 

^ ^ VI^VI'V2^V\'{ ^f{ + r)} 



[Z2- ZY[Z - Z2) Z1-Z2 Zx-Z Z1-Z2 Z2-Z 

The next contribution is 

< As{i)Ao{-i)Vs=2{z,z) >4= ilfaiaaaabO-f^fei 62 63(^2)77^7712^3) 

/oo />oo 

dzi / (iz2(2i -z)^(2;2 +«)^Gg/^(zi,2;2,^,-«) 
-00 J —00 

j^hzm2r^aQb2 111 



[Z - Z2) [Zi - Z2y Zi- Z2 Zx-Z 

x( + ^)( ^ ^)} 

21—2:2 2^2 ~ ^ ^1 — 2; 2:2 ~ ^ 

[Z - Z2) [Zx - zy Zx- Z2 Zx-Z Zx - Z2 Z2 - Z 
^b3m2^b2mi 11111 
-^ ^ P2'pTP2'pl^d^,{- -^(- -f{- - + - -)} 



I \ fl fl f2 fX ^zi L / -\2 \ -/ \ ' - 

\Z - Z2) [Z2 - Z)"^ Zx- Z2 Zx-Z Zx- Z2 Z2 - Z 

Next 



"1 



< A4{i)Ao{-i)Vs=2{z, Z) >4= 2Haia2aa{Px)Hbib2ba{P2)lmim2{P3 

00 poo 19 1 

2/^ , ■\2r- ' . .. . i Z i 



dzx / dz2{zx-i) {z2 + i) Ggh{zx,Z2,i,-i){ \ - + 

J-00 ZX-Z2 Zx-Z Zx-Z' 

j^asba ri^a2m2 ^037712^0263 (30) 

21—22 2i — 2 2i — 2 21—22 22—2 22 — 2 2i — 2 22 — 2 



Next, 



< A5{i)Ao{-i)Vs=2{z,z) >4= -Haia2a:i{Pl)Hb^b2b:i{P2)'Jmim2{P3) 

poo />CXD 

X / dzi j dz2{zi -i)'^{z2 + i)'^Ggh{zi,Z2,i,-i) 



77 r^ .(_^ + 



x{(- 



x(- 



1 ,, 1 1 

)( + = + 



(^1 -^2) (2:1 -2)^ 2^1 -2^2 Zi - Z 

\\ ai bi 62 mi 
))P2 PlPlPl 

1 



„a3m2^a263 1 9 



(Zl -Z)(zi - 2:2)^ ^1-2 2^1 -^2 

1 .0. 1 



■)^(- 



+ 



2^1 — 2:2 Zi — Z Z\— Z Z\— Z2 Z2 — Z Z2 — Z Z\ — Z Z2 — Z 



)} 



(31) 



Next, 



< A(i{i)AQ{-i)Vs=2{z,z) >4= Ha^a2as{Pl)Hb^b2b3{P2)lrmm2iP3 



X / dzi dz2{zi-i) {z2 + i) Ggh{zi, Z2,i,-i){- 



1 



+ 



+ 



1 



( ri"-3ba ri"-4,m2 r)"3™'2.n"2t'3 Vn-, "l r)"2b2 

^,r\'l '/ '/ '/ AFly'a4 r '/ ai 61 mi 

^i 77 TTTI 1:^ [71 r^P2 PiPi 



Z\ — Z2 Z\ — z Z\ — z 
a4 



{Zl - Z2){zi - Z) {Zi-Z2y 

Z\— Z2 Z\ — Z Z\— Z Z\ — Z2 Z2— Z Z2 — Z Z\ — Z Z2 — Z ^ > 

„a27ni 
I ' ai ^1 bo 

+ 7 -r2P2 PlPl 



{zi - zy 



x( 



■)( 



+ 



+ 



1 ^2 n 



b2mi 



r^P2'P?p'i 



Z\- Z2 Z\- Z Z\- Z Z\- Z2 Z2- Z Z2 - Z {Z2 - z) 

< 1 1 1 n2/ 1 1 1 ^^ 

X( -, f{ + -, + )} 

Z\ — Z2 Z\— Z Z\ — Z Z\ — Z2 Z2 — Z Z2 — z 
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Finally, 



< Ar{i)Ao{-i)Vs=2{z,z) >4= Ha^a2a^{Pl)Hb^h2h^{P2)lm^m2{P^) 
r-OO 12 1 

x/ dzi I dz2izi-if{z2 + ifGgh{zi,Z2,i,-i){ \ -\ ) 

3 J-oo Zi — Z2 Z\— Z Zi — Z 

r ' ^0,1 ^bi ^mi 

1 111 1111 ^^^^ 

Z\ — Z2 Z\ — Z Z\ — Z Z\ — Z2 Z2 — Z Z2 — Z Z\ — Z Z2 — z 

I / ai 61 bo 



1 1 1 ,, 1 1 1 ,^ ?7^2mi 

Zi - Z2 Zi - Z Zi - Z Zi - Z2 Z2- Z Z2 - Z {Z2 - zy 



X( )2( + + )} 

Z\- Z2 Z\- Z Z\- Z Z\- Z2 Z2- Z Z2 - Z 



This concludes the list of the contributions, quartic in momentum, to the amplitude (25). 
Next, we shall concentrate on the terms, quadratic in p. The straightforward evaluation 
gives 

< Ax{%)Aq{-i)Vs=2{z,Z) >2= -ifaia2a3(Pl)^bi6263(Pl)7mim2(P2) 



X / dzx \ dz2{zi-i)^{z2 + i)^Ggh{zi,Z2j,-i) 



f^azb-s j,aim2 ^a463„a4m2 1 1 j^a4&l^b2m,i 



{ZI-Z){Z2-Z) Z1-Z2 Zi-Z {Zi- Z2Y{Z2- Z) 

„.,1 1 1,,1 1 1, j.a2b2^a4m^ 

-P2'Pl'i )( + - + 



2 



Zl - Z2 Zi - Z Zi - Z Zi - Z2 Z2 - Z Z2 - Z {zx - Z2Y {Z2 - Z^ 

(34) 



11111 ^a2h2rf^a^mx 

+P2^p^( )( — - + — .) ^ ^ ,4 } 

Zx- Z2 Zx - Z Zx - Z Zx - Z Z2 - Z [Zx - -22J 



The next contribution, quadratic in momentum, is given by 
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Next, 



< A2{i)Ao{-i)Vs=2{z,z) >2= Ha^a2a3iPl)Hbib2b3{P2)'-yrmm2{P3) 

poo />CXD 

X / dzi j dz2{zi-if'{z2 + ifGgh{zi,Z2,i,~i) 



^b3m2 I 2 1 

X— ^ r( + - + 



x{pTP2 



a.2 



{Z2 - z) Z\-Z2 Z\-Z Zi - Z' 

1 1 .^ 



^aabi b2mi ^ 



{Zi - Z2)'^{Z2 - z)"^ Z\-Z2 Z\-Z Z\ - Z' 

^a2b2 ^azvax 
ai &i / / 
-P2P1 



^^2 



x(- 



1 



1 



(Zi - Z2Y{zx - z) 

1 ,, 1 1 1 

-)( + r + 



-21 - -22 -21 - -2 Z\- Z Z\- Z2 Z2 - Z Z2 - Z 

r^a2bi^a3b2 111 

„ai „Tni 'I 'I / ■'- ■'- -■- ^ 

-P2 Pi 7 M . 

(-21 - Z2P -21 - -22 Zi - Z Zi - Z 



111 

x(z — r + z — z + z — :)(- 



' +^)} 



' Zi — Z2 Z2 — Z Z2 — Z Z\ — Z Z2 — z 



(35) 



< A-i{%)AQ[-%)Vs^2[z,z) >2= Ha^a2a3{Pl)Hbxb2b3{P2hrmm2{P3) 

X / dzi dz2{zi-iY{z2 + if'Ggh{zi,Z2,i,-i) 



J}3m2 



X- 



{Z2 - Z) 



jja3bi^b2mi 1 

x{P2'P?d^A ,^ \Z^ —i 



(-21 - -22)^ (-22 - -2)2 -21 - -22 2:1-2; Zi-Z' 



'} 



-P2'Pldy,A 



r1-.a2b2r1-.a3m1 



:( 



(-21 - -22)^(-2l - -2)^ -21 - -22 Zi - Z Z\ - Z 

X( + -, + )} 

^1 — ^2 2^2 — ^ 2:2—2; 

1 1 . 



0261^0362 1 



{zi - Z2A -21-2:2 Zi - Z Z\-Z' 



x(t + z z + z :)(- 



^1 — 2:2 Z2 — Z Z2 — Z Z\ — Z Z2 — z 
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(36) 



Next, 



< A4zi)Ao{z2)Vs=2{z, Z) >2= -2Ha^a2aa{Pl)Hb^b2b3lmi 



3 Imim2 



X / dzi dz2{zi-if'{z2 + ifGgh{zi,Z2,i,-i){- 



+ 



+ 



Z\ — Z2 Z\ — Z Z\ — z 
ria3t>3^a2m2 ^a2b2^azm2 

X{-1 -^, - + 



{Zi - Z2){zi - zY {Zi- Z2Y{zi- Z)- 



^{-P?P2'{ 



1 



1 



1 



-)(- 



1 



+ 



\ \ jjb2mi (37) 



+ 



Zl - Z2 Z\- Z Z\ - z' '^ Zx - Z2 ' Z2 - Z ' Z2 - Z {z2 - Z^ 

1 1 1,2 r/"i"^i 



MJ) 



+ -prpr( + = + 



y\1 



v\'vT{ 



Z\- Z2 Z2- Z Z2- Z {Zx - z) 

1 1 _ 1 1 1 , ?7"i^2 

+ — - + )^ — -} 



:)( 



Z2- Z Zl- Z Zl - Z2 Z2 - Z Z2 - Z {zi - Z2] 



Next, 



< A^{%)Aq{-i)'Vs=2{z,z) >2= -2Ha^a2ai{V\)iih^h2hz{V2)l7n.^m2{V^) 
fCCi fca 

X / dzi \ dz2{zi-i)'^{z2 + i)'^Ggh{zi,Z2,i,-i) 



as^a a2m2 1 9 ^a262r)"3"i2 O 1 

x( ,.. ^ .1, .... (-^— + -^-)- ... ^ .1.. ..J (^— + 



(-21 - -22)('2l - -2)^ -^1 - -^2 1^2 - -2 (-21 - -22)^('2l - -Z) Zi - Z2 W2 - Z 

x{Vi^P^^( r )( + r + ) / -.2 

21-2:2 -21 - -2 2:1-2 -21 - -22 .22-2 22 - -2 (-22 - Z)^ 



.61 > 



1 



1 



+ -PlP?{ + - + 



1 „aimi 

-•- \2 '/ 



^^2 



-21 - -22 22-2 22-2 (21 - z) 

M^ra,, 1 1 ,, 1 , 1 , 1 , V""'"' .| 



-p^pr^( 



-)( 



+ 



+ 



Z2 — Z Zl — Z Zl — Z2 Z2 — Z Z2 — Z [Zl — 22 



Next, 



< AQ{i)Ao{-i)Vs=2{z, Z) >2= Ha^a2as{Pl)Hb^b2b3{P2)lrmm2iP3 



X / dzi dz2{zi-i) {z2 + i) Ggh{zi, Z2,i,-i){- 



1 



+ 



+ 



1 



X 



ipl) 



04 



{zi - 22) (21 -2) 



2i — 22 2i — 2 2i — 2 



/ _rfja.aba a4,m2 1 ^0463 037712 N 






1 . (39) 



(-21 - -22)^(22 - 2)2 21-22 2i - 2 21-2' 

bi aib2»ia2mi 111 

Pi '/ '/ / -*- _|_ -*- _|_ ^ 



(21-22)^(21-2)2 21-22 22-2 22-2' 



p"ii„ai6i 0262 2 1 



(t ^ + 7 ^)} 



(-21 - -22)"* -22 - -2 2i - 2 
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Finally, 

< Ar{i)Ao{-i)Vs=2iz,z) >2= Ha^a2a3{Pl)Hbih2h3{P2)lm^m2{Pi) 

/oo poo 

dzi / dz2{zi-if{z2 + i)'^Ggh{zi,Z2,i,-i) 
-oo J — CXD 



OO 

X 

oo 

\Fl)a4, / '/ '/ ,7 '/ 

^77 TTTT IV V I I^ '" 



(2:1 -^2) (2^1 -2^) Zi-z Z1-Z2 

pai^a2b^^b2m^ 1 1 1 (40) 

{Zi - Z2)'^{Z2 - z)"^ Z\-Z2 Zi-Z Z\ - Z 

rfilr,"-lb2r,a2mi 111 

PiV V ^^_^^_^ 1 , 



{Zl - Z2)'^{zi - z)'^ Z\-Z2 Z2-Z Z2 - Z 

Tni ai6i 0262 1 1 

+ ^-1^ 1 ( ^ + ^ )} 

(^1 - Z2Y Z2- Z Zx- Z 

This concludes the list of terms, quadratic in momentum. Finally, we shall list the contri- 
butions of the order zero in momentum. We obtain 

< Ax{i)Aq{-i)Vs=2{z,z) >o= -i?aia2a3(Pl)^bi6263(P2)7mim2(P3) 



00 



00 



X / dzx \ dz2{zi - i)'^{z2 + i)'^Ggh{zi, Z2,i,-i) 



(41) 



/„a463„a3m2 i^a^bz j^aim2\jJ>2 j^aibi j^a2m-i 

{zi - z2Y{zi - zy{zi - Z) 



Then, 



< A2{i)Ao{-i)Vs=2{z,z) >o= -Ha^a2a3{Pl)Hb^b2b',{P'2)lmim2{P^) 

/oo /"OO 19 1 
dzi I dz2{zi - i)'^{z2 + ifGgh{zi,Z2, i, -i){ \ H ) 
-00 J-oo 21-2:2 Zi- Z Zx- Z 

^aibi ^^0262 j^azrni „&3m2 
''{Zx-Z2Y{ZX--ZY{ZX-Z) 

Next, 



(42) 



"1 



< A2,{i)AQ{-i)Vs=2{z,z) >o= -Ha^a2az{Pl)Hh^b2bz{P2)lra^ra2{P:i) 

/'OO /'OO 

X / dzx I dz2{zx-i)'^{z2 + i)'^Ggh{zx,Z2j,-i) 



00 



(43) 



^aibi ^a2b2 ^asmi ^bam2 
'''''"'\zx-Z2nZx-zr{zx-z)^ 
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Next, 



< A4^{i)Ao{-i)Vs=2{z, Z) >o= -AHa^a2a^{Pl)Hb^b2b^{P2)lm^m.2{P 



3 J 



oo 



12 1 



X / dzi I dz2{zi-i) {z2 + i) Ggh{zi, Z2,i,-i){ \ - + 

-oo i-oo Z1-Z2 Zi-Z Zi-Z- 



(44) 



{Zi- Z2Y{Z2- zY {Zi- zY{zi- Z2) {Zi- Z){zi- Z2y 



Finally, 



< Ar^{{)Ao{-i)Vs=2{z,z) >o= -2Ha^a2a3{Pl)Hbib2b3{P2hmim2{P3) 

poo /'OO 

X / dzi dz2izi -i)'^{z2 + i)^Ggh{zi,Z2,i,-i) 



00 



(45) 



""^"^^ (^1 - Z2Y{Z2 - ZY ^ (Zi - Z)HZI - Z2) ~ {Z^--Z){Z^-Z2Y^^ 
< AQ{i)Ao{-i)Vs=2{z,z) >o = < A'!{i)AQ{-i)Vs^2{z,z) >o= 



This concludes the list of all the contributions to the spin 3-graviton scattering, up 
to the terms, quartic in momentum. The next step is to evaluate the 2:1 , 22-integrals , 
giving the relative coefficients in front of all the terms, listed in (27)-(45). To perform the 
integration, it is convenient to introduce the regulator e^^^^^^^'^\\ > 0) inside each of the 
integrals (setting A — )■ upon the calculation). The regulator ensures that the contour 
integrals over cemicircle of radius i? — )■ 00 in the upper half-plane vanish and therefore 
the straight line integrals can be obtained from the the appropriate residues in the zi , Z2- 
integrals. Shifting the straight line zi, Z2 contours according to zi — t- zi — iO, Z2 ^ Z2 + iO, 
it is convenient to evaluate the integral in Z2 first and then in zi . The evaluation of the 
zi,Z2 integrals is then straightforward; transforming back to the position space we find 
that the total expression for the three-vertex of two s = 3 particles and a graviton from 
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(46) 



the three-point amphtude on the disc is given by: 

-2r? n h du du d ff^l^^asa frbibiba mimz 

^'/aimi'/a2 03 01 02 '"T.2 '-^03-'-' / 

-2t7 rih n h 'n°'*^^dh d Ff^i^sas/^ ^ Zjbib2b-j, mim2 

'^'Ia2'm\'lb2m2'laib3' I "-^Oi '-^04-'-' "-^03 '-^04-'-' / 

+n ^ r7 ^ m r)"*^-*/) (9 i7«i«2«3« « TTbib2b3 mim2 

T^'/a2 02 '/a3 03 '/oimi '/ '-^?n2'-^a4-'-' '-^011^04-'-' / 

I 2r7 ?1 r? t, ??"4^4fl a « if^i^^as^ ljbib2bs, rmm2 

^^'^'Iaim-i'la2m2'lazb2'l "-^Oi '-^03'-^a4-'-' '-^04-'-' / 

-2r7 77 77 ^ n'^'^^'^dh d Ff^i^aas^ ^ Ijbib2b3 mnn2 

+77 7) ^ 77 ^ n'^'^^^du d d i7"^"2«3« TTbib2b3 mim2 

T^'/q-i"t-2 '/a202 '/a303 '/ f^oi f^rni '-^04-'-' '-^04-'-' / 

-77 77^ 9^ 9^ Tjaia2a3g o TTbib2b3 mim2 

'/ai7Tii'/03m2 Oi'-^02-'-' '-^a2'-^a3-'-' / 

-277;, 77 77 ^ Tl^^^^dj. 8 H"^"^"^ 8 8j. i7^l''2fc3^rnim2 

+277 7) 77 ^ 7?"'*^'*9^ 9^ 9 if"^"2"3^ TTbib2b3 mim2 

T^^'/aiTTli '/a2'"^2 /«3 03 '/ "-^Oi '-^02'-^a4-'-' '-^04-'-' / 

+277 77 9^ 9^ 9^ Tjaia2a3g TTbib2b3 mim2 

^^^' Ia2'm\' Ia3m2^b\'^b2^b3-'--'- '~'a\^^ I 

+27) 77^ 7) ^ 7) ^ „a4b4 as,bs,r, r. 0-0102030 q Trbibibs mim2 

T^^'/aiTTii '/0im2 '/a202 '/a3&3 '/ '/ 1^04 '-^05-'-' '^b^'^bti-'-J- / 

Contracting the indices and using the conditions (2), it is straightforward to show that, 
modulo partial integration one can cast the expression (46) as 

-4n^As=3,3,2 

(47) 
= wabcd{2h^^d'^8''h^'''^ - 28'^h'"'''8mh^^ - 28''h'"''^8mh^'^ - h^^8^8'^h'''^''} 

where Wabcdij) is linearized Weyl tensor. Remarkably, the terms (34)-(40), quadratic in 
derivatives, as well as those of (41)-(45) containing no derivatives, drop out as a result 
of the integration, so only the terms, quartic in derivatives remain. It is instructive to 
compare the expressions (46), (47) to the interaction vertex given in the important papers 
21j| , [^ (this vertex is also a flat limit of the one found in [|I| for the AdS case) According 



to [^, [^, the interaction of graviton with massless spin 3 fields is determined by the 



linearized Weyl tensor times the quadratic combination of spin 3 fields. The 3- vertex (46), 
(47) following from the string scattering amplitude on the disc, reproduces the 3-vertex 
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found in |2^, ||2^ with the gauge partially fixed according to the constraints (2). The 
fact that string theory gives us the gauge fixed version of the cubic vertex of the spin 3 - 
graviton interaction, is not surprising, if we compare the higher spin case to the standard 
example of a photon when the BRST (transversality) constraints on the vertex operator 
naturally imply the Lorenz gauge choice for the space-time field. 

4. Conclusion and Discussion 

In this paper we have determined the gravitational coupling of the massless spin 3 

field from string theory, by computing the appropriate correlation function on the disc. 

Remarkably, the string theory calculation turns out to reproduce (up to partial gauge 

fixing) the non-Abelian cubic coupling of the spin 3 field with the graviton through the 



linearized Weyl tensor, derived in [^, [^, which also is the fiat limit of the Fradkin 



Vasiliev vertex in the frame-like approach |I[] This result is in agreement with more general 
property of spin s fields coupling to the gravity, with the non-Abelian cubic interaction 
vertices containing not less than 2s — 2 space-time derivatives. Note that, although the 
lower derivative terms initially appear in the calculation, they all drop out as a result of 
the integration (recall that the positive picture expressions for the higher spin operators 
exist in the integrated form only) This altogether is an important consistency test for the 
string vertex operators for the higher spins, considered in this work. It would be important 
to generalize this disc calculation to particles with the spins s > 4 interacting with the 
graviton, in order to check the 2s — 2 derivative rule for s > 3. Generally, one would 
expect each of the correlators to produce three principal contributions, differing in the 
number of the space-time derivatives (2s — 2,2s and 2s + 2), according to corresponding 
to three possible cubic couplings of spin s particles and the graviton 0. Although we 
concentrated on the 3-point amplitude of two spin 3 particles with the graviton on the disc, 
the amplitude, considered in this paper is structurally similar to the 4-point amplitude in 
open string theory, involving two photons and 2 spin 3 particles. Generally, the quartic 
terms in the interacting higher spin field theories are cumbersome and their structure is 
not yet well understood. It would be important to investigate the quartic couplings by 
using the vertex operator computations in string theory, which appears to be an efficient 
and a promising framework to approach the problem. 
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